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We have written a FORTRAN program which minimizes the elastic free energy of a liq- 
uid crystal director field in three dimensions using the ordinary Oseen-Frank equations 
plus an additional (divergence) term. The novel features of this program are: (1) it allows 
for disclinations and (2) because of disclinations, directors are not connected globally 
but locally. This program was used to find minimum energy configurations for various 
models of the cholesteric blue phase. 

INTRODUCTION 

Finding a minimum energy configuration of a liquid crystal director 
field is a problem well suited for the computer. However, this kind of 
work has been limited mostly to problems in one dimension.'-' When 
the director varies with all three space variables, the problem becomes 
much more complex to solve. The main difficulty in three dimensional 
simulations is the limited amount of computer memory and slowness 
of computation. With access to a CRAY-1 computer,' these simula- 
tions now become more feasible to do in terms of time and money. 

The recent interest in the cholesteric blue phases'-" has encouraged 
us to write a FORTRAN program which relaxes a given director field 
in three dimensions and calculates the elastic free energy density. This 
program was used to investigate the stability of three models of the 
blue phase. From these calculations the temperature range over which 
the models predict that the blue phase will exist has been determined. 
There is good agreement with other theoretical predictions. " However, 
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306 M. J. SAMMON 

these results are not reported here since this paper is a qualitative dis- 
cussion of the numerical method used. 

The ordinary Oseen-Frank equations are used, including the diver- 
gence (K24) term to obtain the minimum energy configuration. The 
Oseen-Frank expression for the free energy per unit volume is given by 

where n is a unit vector representing the average orientation at a given 
point in space, q o  is 27r over the pitch length and K I I ,  K22 and K33 are 
elastic constants corresponding to splay, twist and bend deformations 
respectively. The additional termI2 which is included is given by 

F2 is a term which is usually discarded since it has the form of a diver- 
gence. From Gauss’ theorem the volume integral of a divergence term 
can be transformed into a surface integral. For large samples the sur- 
face term can be neglected. However, if there are singularities in the 
sample volume, they must be excluded when doing the surface integral. 
The surface of each excluded volume contributes to the surface inte- 
gral. Therefore for a given density of disclinations, the amount which is 
discarded is proportional to the volume. This additional term can 
make an important contribution to the free energy. The cholesteric 
blue phase is such a system which has a lattice of disclinations. 

The program calculates the free energy density for a given initial di- 
rector field and then relaxes the field by minimizing 

I d V ( F 1  + Fz). (3) 
The exact algorithm of how this is done will be described later. 

FREE ENERGY 

An initial director field must be given to the program. This is analo- 
gous to a trial solution {or a differential equation. A three dimensional 
array is used for storing the directors. This array corresponds to a unit 
cell with discrete mesh points. Directors are generated at the mesh 
points. The appendix describes in more detail what was done to gener- 
ate the directors. To keep the problem simple the unit cell is divided 
into equal parts along the x ,  y and L axes. As the number of divisions is 
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THREE DIMENSIONAL RELAXATION 307 

increased, the number of storage locations goes up as the third power. 
One can easily see that limited memory capacity can become a handi- 
cap when choosing a fine mesh grid. Periodic boundary conditions are 
imposed on the faces of the unit cell by extending the mesh beyond the 
unit cell one step. This is done so that derivatives at the boundaries 
may be calculated. It should be pointed out that there is no fixed direc- 
tor configuration at the unit cell boundaries. The directors on the walls 
of the unit cell are allowed to relax freely to their equilibrium positions. 

Once the directors have been generated throughout the unit cell the 
program starts by calculating the elastic energy in a particular mesh 
cube. This cube is illustrated in Figure 1. To compute the free energy 
density associated with this small cube a director is calculated at the 
center on each of the six faces of the cube. The simplest way to do this 
is to average the four directors on the corners of the particular face. 
However, before the averaging is done, it must be determined whether 
all the directors in the cube can be connected topologically. This prob- 
lem occurs because the computer assigns a head to the director whereas 
in physical reality the liquid crystal itself does not care about heads and 
tails. The problem is illustrated in Figure 2. The two orientations (a) 
and (b) are energetically the same as far as the liquid crystal is con- 
cerned but very different when calculated on the computer. Therefore, 

( k ,  e, m)  ( k + l , e ,  rn) 

-A- 
FIGURE 1 A mesh cube in the unit cell showing directors at corners. A director is 
generated at the center of each of the six faces by averaging the four directors adjacent to 
the particular face. The directors at the center of the faces are used in calculating energies 
and relaxation. The cube has sides of length A, where A is the unit cell size divided by the 
number of divisions. The program iterates the indices (k, I ,  m) from their minimum to 
maximum values, thus covering all the mesh cubes in the unit cell. 
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308 M. J. SAMMON 

t l  i t  
(a) (b) 

FIGURE 2 Two representations for director configurations having the same energy. 
The arrows denote the heads which the computer assigns to the directors. The liquid 
crystal only cares what relative angle the molecules have between one another whereas 
the computer assigns an absolute angle. The program checks the dot product between 
the directors. If the result is negative, one director is flipped. If this were not done, higher 
estimates for the free energy would result. 

to make sure that the directors in the cube can’be connected in a head- 
to-head tail-to-tail fashion, the director which has the lowest x, y, I- 
indices is taken as the reference. The dot product of it with the seven 
other directors is computed. If the dot product is negative, the director 
at that particular corner is flipped. That is to say, the components of 
the director change sign. Once this is done, the program uses the 
flipped directors in the expression for the free energy described below. 

To illustrate how the energy density is calculated for the cube the 
splay term is used as an example. The splay term is given by 

To write this differential expression as a difference expression, a nota- 
tion is introduced that indexes the directors relative to the lowest in- 
dexed director in the mesh cube. If the energy of a cube whose lowest 
indexed director is given by (k, I, m) is being calculated, Eq. (4) can be 
written 

where Xu,b,c. Ya,b,c and Z,,,b,c are the x, y ,  z-components of the director at 
(k + u,  I + b ,  m + c) and A is the distance over which the derivative is 
calculated. Since the program divides the lengths of the unit cell up 
into equal mesh points, this allows the A’ to be factored outside the 
brackets. If the expression inside the summation sign is written out one 
can see this is just the average director on one face minus the average 
director on the opposite face. This quantity is the change in orientation 
of the director over the distance A. The two faces are planes perpen- 
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THREE DIMENSIONAL RELAXATION 309 

dicular to the direction along which the derivative is being calculated. 
Energy expressions for twist, bend and the K24 term are computed in a 
similar fashion. The indices (k, I, m) are then iterated from their min- 
imum to maximum values and the corresponding energies at each cube 
are stored and summed. 

DlSCLlN ATIONS 

One of the difficulties with three dimensional problems is how to han- 
dle disclinations. Disclinations are discontinuities in the director field 
and are analagous to dislocations in crystals. As one approaches the 
center of a disclination things tend to blow up. What has been done es- 
sentially is to construct a region around the disclinations in our unit 
cell and take this region containing the disclination as an isotropic 
material. This volume is excluded in calculating energies and relaxing 
the directors throughout the unit cell, that is to say, the core exerts no 
orienting torque on the outside material. 

The user must tell the program where the disclinations occur in the 
unit cell. This problem was solved by setting up a three dimensional 
logical array. Each logical element has a corresponding small cube in 
the unit cell. If the disclination line goes through the volume occupied 
by a small cube, a “false” value is generated in the logical array at the 
point corresponding to the small cube. When the energy is calculated 
the program first checks the cube’s truth value to see whether any of its 
eight corners lie on a disclination. If a false value is found, the program 
returns zero free energy for that particular cube. This method essen- 
tially corresponds to making an isotropic volume around the disclina- 
tion with a radius roughly rd  - D/N where D is the length of the unit 
cell and N is the number of divisions on each axis. As the number of 
mesh points is increased, the radius of this excluded volume decreases 
for a given unit cell size. 

It should be pointed out that one must start out with the right topol- 
ogy of the director field. For example, following the director on a 
closed path around a (-&) disclination, the director is found pointing 
in the opposite direction upon returning to the starting point. The 
starting field of the computation must satisfy all the topological prop- 
erties of the model. The relaxation process does not change the topol- 
ogy; i.e. disclinations stay where they are originally located and do not 
disappear. The program is not smart enough to find other structures. 
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310 M. J .  SAMMON 

RELAXATION 

Once the free energy for a small cube has been calculated, the program 
then relaxes the director at (k, I ,  m). This is done by computing the 
change in energy as a function of change in the director components. 
The derivatives are then used in the following expressions: 

az 

az 

Kavg ax az 

f aE aE AX = - {- ax + [.(.ax + Y 
K a v g  

wherefis a parameter which controls the rate of relaxation and Kavg is 
an average value for the elastic constants. The result (M, AY, AZ) 
tells the program how much and in which direction to move the direc- 
tor to reduce the free energy. The quantity inside the square brackets in 
the above expressions is the result of introducing Lagrange multipliers. 
It can be shown that the vector (AX, AY, AZ) is orthogonal to (X,  Y, 
Z), i.e. the director being relaxed. This keeps the magnitude of the di- 
rector unity to first order. The relaxed directors are always renormal- 
ized after each relaxation to keep higher order variations in the magni- 
tude from accumulating. 

In Figure 3 the method for calculating the energy derivatives used in 
Eqs. (6 )  is illustrated. The splay term will be used again as an example. 
A volume of eight small cubes is taken around the director at (k, I, m). 
In each of the eight cubes energy derivatives are calculated with respect 
to the director components at (k, I ,  m). In cube A this corresponds to 
the derivative with respect to the components which have the lowest 
indices. Using notation as in Eq. (5). this can be written as 

I 1 

One notices that in this case the derivatives with respect to Yo00 and 
ZOOO are the same expression as Eq. (7). 

After the derivatives with respect to all the components have been 
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THREE DIMENSIONAL RELAXATION 31 I 

--x(k) 
FIGURE 3 Illustration showing the eight cubes used to relax the director at (k ,  I ,  m). 
Cube A would be the cube used for calculating the energy only. As with the energy, direc- 
tors are generated on the faces of the eight cubes. This results in 36 directors being 
generated. 

calculated, the program then proceeds to the next cube out of the eight. 
To illustrate what happens, the cube marked B in Figure 3 will be used. 
In this case the meanings of the indices of the director components 
change. If cube B is taken as our reference, to relax the director at 
(k, I, m), the derivatives with respect to XIOO, Y]OO and2100 must be cal- 
culated. This is because of the convention for calculating energies. 
Cube B represents the energy at (k - 1, I ,  m). Therefore we have 

where the expression inside the brackets is the same as in Eq. (7). The 
program then iterates over the remaining cubes in the group of eight. 
As with the energy routine, each of the eight cubes is checked to see if 
they lie on a disclination line. If a disclination is found, the contribu- 
tion from that cube in relaxing the director at (k, I ,  m) is set to zero. 

After the derivatives from the eight cubes are calculated, they are 
summed and stored. Using Eqs. (6), the director at (k, Z, rn) is relaxed 
partially to its equilibrium position using a trial value off, usually 0.1. 
The reason for relaxing the director partially is that if the relaxation is 
too rapid instabilities would develop. The appearance of instabilities 
results in an increase in the calculated energy. When this happens, the 
value offis halved and the relaxation continues with the new value. It 
should also be noted that the relaxed directors are stored in a separate 
array. This is because if one is relaxing a mix of relaxed and unrelaxed 
directors instabilities could also develop. When all the directors in the 
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312 M. J .  SAMMON 

unit cell have been relaxed the new values for the directors are substi- 
tuted into the original array. Energy calculations and relaxation then 
begin on the new values. 

Execution halts in either one of two ways. The first condition result- 
ing in termination is if the program relaxes all the directors nmux times 
(where nmux is the maximum number of relaxation iterations speci- 
fied). It has been found empirically that on the average, the optimum 
value for nmux is 20. The second condition is a given number of reduc- 
tions of the parameter6 This indicates that the program has found an 
unstable solution. 

RESULTS 

Figure 4 shows the output of a typical run on a CRAY-1 computer. 
This data is for a model of the blue phase having 0’ symmetry, a cell 
size of 1.5 X em and mesh number of 
24. The sign of the pitch depends upon whether one has left-handed or 
right-handed twist. The elastic constants KII ,  K22 and K33 are read in to 
the program. K24 is calculated using the following expression’2 

cm, a pitch of -2.5 X 

The total energy which is the sum of the splay, twist, bend and K24 en- 

cell sile= 0.150000E-04cm. nbiv= 24 
kl 1 I .10000h-06 k22= .50000E-07 k33= .l OOOOE-06 k241 .25000B-01 

t o t .  energy 
0 0.10980B+O3 
1 0.6dM39E+02 . . ~ ._ 
2 0.47113E42 

4 0.28908E42 
5 0.23178Y+02 
6 0.1156384’2 

3 0.3641 5Y+02 

7 0.14?1iE+02 
8 0.11413842 
9 O.B5344Y+Ol 

1 1  0.37022h41 
12 O.l6981B+01 
1 3 -0.240348+00 
14 -0.196198+01 
15 -0.35471U+Ol 
1 6 -0.501 29E41 
17 -0.637301f+01 
18 -0.76388Y+Ol 
1 g -0.881 95E+Ol 
20 -0.9923lE41 

10 0.59853E+01 

SPlBY 
0.1 1698b+04 
0.1 1 300&+04 
0.1 1 109E44 
0.109698+04 
0.108598+04 
0.10767E+04 
0.106873+04 
0.10616B44 
0.105518+04 
0.104923+04 
0.104378+04 
0.10385E+04 
0.103378+04 
0.10291 #+04 
0.10249Y+04 
0.10208E+04 
0.101 70E+O4 
0.101 34u+04 
0.101 00Y+04 
0.10066E+04 
0.1 OO38E44 

t r i a t  
0.78717843 
0.79328E+03 
0.79800B+03 
0.80220&+03 
0.80603Y+03 
0.80954E+03 
0.81 2781+03 
0.81 581 E+O3 
0.81 865343 
0.821 73L43 
0.82387Y43 
o.a2627~+03 
0.82856L+03 
0.83012E+03 
0.832173+03 
0.834726+03 
0.13656E43 
0.83631343 
0.83996E+03 
0.841 53E43 
0. i343006+03 

bend k24 term f 
0.11420E+04 -0.29898E+04 O.lOOOO0 
0.11A61E+OA -0.30015B+0A 0.lWoW . ~. 
O.ii527Y+oi -0.30144~+04 O.iooOOO 
0.11590E44 -0.30217844 O.lOOOO0 
0.11644Y44 -0.30274E+04 0.100000 
0.1 1690E+O4 -0.305208+04 0.1 OoooO 
O.l1729E+OA -0.30558844 0.~00000 
0. ii16j~+04 -0.jojgoB+04 O.IOOOOO 
0.11794844 -0.30418E+04 O.lOOO00 
0.1 1621 E44 -0.30441 E+04 0.100000 
0.118468+04 -0.30461 E+04 0.100000 

0.1 1888144 -0.30494E44 0.100000 
0.11906E44 -0.30507Y44 O.lOOO00 
0.11923B+OA -0.3051ME+04 0.~0oOW 

o.ii86a~+o4 -0.3047~~~+04 o.iooooo 

O.llY38E44 - 0 . ~ 0 ~ 2 9 h 6 4  0 . 1 s  
0.11952Bt94 -0.30537B44 0.1OooOO 
0.11964144 -0.30545344 0.100000 
0.11976E+04 -0.30552&04 0.100000 
0.119863+04 -0.30558E44 0.100000 
0.11996E+04 -0.305633+04 0.100000 

FIGURE 4 Printout of a relaxation run on a CRAY-I computer. Energies are in 
ergdcm’. The parameterf(tel1ing what fraction to relax the directors to their equilib- 
rium position) remains the same since after each relaxation the total energy is lower than 
the previous value. 
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THREE DIMENSIONAL RELAXATION , 3 1 3  

x i03  
1 -  

ergies decreases rapidly at the beginning. This corresponds to short 
wavelength modes being damped out. After the seventh or eighth itera- 
tion the relaxation proceeds at a slower rate. These are low frequency 
modes which take a long time to decay. The total energy does not con- 
tain the energy from the core regions of the disclinations. This must be 
calculated separately by hand.13 

In Figure 5 results for a series of runs are plotted. This is for a blue 

I I I I I I I 

-3 

-4 

1 I I 1 I I I 
0.2 0 . 5 ~ 1 0 ~  

- 

- 

I I I 1 I I 1 

- r id (cm) 
FIGURE 5 Relaxed free energy curves vs. cell size for the 0’ structure. The mesh sizes 
are given to the right of the curves. The parameters used are: KII = 2 K z a  = KII = 3 X lo-’ 
dynes; cholesteric pitch, PO = 2.5 X 10” cm. 
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314 M. J. SAMMON 

phase model having 0' symmetry. The x-axis is plotted as one over the 
cell size in units of cm-'. The y-axis is free energy density in units of 
ergs/cm3. All the energies have been multiplied by three. This scaling 
gives more realistic values for the elastic constants. The main features 
to be noted here are (1) there is a characteristic cell size which mini- 
mizes the free energy for a given mesh size and (2) the free energy in- 
creases as the mesh size becomes finer. This latter effect results because 
a smaller region around the disclinations is being discarded. Therefore 
the program calculates energies in a more highly stressed director field. 

CONCLUSION 

We have demonstrated that stable configurations of liquid crystal di- 
rector fields can be found in a three dimensional simulation with lo- 
cally connected directors. We have also come up with a method for 
treating disclinations. 
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Appendix 

Generating a director field with the right topology can be easily done 
using an analytic function which represents the order parameter at a 
given point in space. Below are three tensorial expressions for order 
parameters which were used in blue phase relaxations. 

LI 

-sin 

-sin y cos x 

XI - 3 sin z cos x 

+ aces x cos z + sin x sin y )  
.. - 3 sin y cos L 

y cos x 
z + sin y sin z )  

/ 

-sin x cos z - sin z cos y + aces z cos y + sin x sin y )  + a c o s  x cos y + sin x sin z )  

-sin z cos y + aces x cos y + sin x sin y) 
-sin t cos y 

+ a c o s  x cos y + sin x sin z )  

XI - 3 sin x cosy 

~ C O S  x - cos Y) sin z ~z?cos  z - cos x )  sin 3 cosy cos z - 22 -sin x sin y -sin x sin z 
x - cosy) sin z 3 cos cos - x2 aces y - cos z )  sin x 

-sin x sin y 

-sin x sin z 
\/ZTcos z - cos x) sin y &COS y - cos z )  sin x cos cos - X2 

-sin y sin z 
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3 cos y cos z - 82 t a c o s  x - cos y )  sin z 
-3(cos z - cos y )  -sin x sin y) 4- 3 sin z 

(ficos x - cos y )  sin z 3 cos z cos x - 12 
-sin x sin y) + 3 sin z -3 (cos x - cos z) 

(ficos z - cos x) sin y t a c o s  y - cos z )  sin x 
-sin L sin x) + 3 sin y -sin y sin z) + 3 sin x 

= 
Qol = 

(J2Tcos z - cos x) sin y 
-sin z sin x) + 3 sin y 

(ficos y - cos z )  sin x 
-sin y sin z) + 3 sin x 

3 cos I cos x - c2 
-3(coS y - COS X) ) 

( 
Where XI = sin x cos y -t sin z cos x 4- sin y cos z and 22 = cos x 
cos y 4- cos x cos z + cos y cos z. The coordinates x, y, z represent 
the position in the unit cell and run from 0 to 27r. 

The O5 structure, which was first proposed by Saupe,14 was taken 
from independent derivations by Alexander'' and Hornreich and 
Shtrikrnan.l6 It was obtained by constructing plane wave interference 
patterns along the six (1 10) directions for a bcc configuration. The O2 
structure, proposed by Sethna,6 was obtained by arranging cylinders of 
double twist along orthogonal directions and filling half the spaces be- 
tween the cylinders with nematic material, and half by the director con- 
figuration of a ( - h )  disclination. The initial configuration was relaxed 
and afterwards Fourier analyzed. l7 The tensor was then constructed 
from the Fourier components. For the 0' structure, proposed by 
Horneich and Shtrikman," the above methods become more difficult. 
The resulting tensor was arrived at from group theory calculations. A 
more detailed explanation can be found in Ref. 11. Other possible 
structures were considered'' but were ruled out as being subgroups of 
the aforementioned spacegroups. 

To generate directors from these expressions the tensor is diagonalized 
to get the eigenvalues and eigenvectors. The eigenvector corresponding 
to the largest positive eigenvalue is chosen as the director (normalized 
to unity) at the point (x, y, z) in the unit cell. Figure 6 shows the posi- 
tions of the disclination lines for the 0' structure in the unit cell. The 
disclinations were found by looking for two positive, nearly equal ei- 
genvalues. The third (negative) eigenvalue has been plotted in the fig- 
ure. It is interesting to note that for this particular structure the discli- 
nation is really not a straight line but a spiral. This can be shown by 
solving for the points where the two eigenvalues are exactly equal. 
These points give the positions of the centers of the disclination lines. 
The centers lie less than one percent of the unit cell size away from the 
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FIGURE 6 On symmetry showing the disclinations in the unit cell. The program 
checks for two nearly equal eigenvalues. If two are found, the eigenvector corresponding 
to the negative eigenvalue is plotted. 

lines shown in Figure 6. Therefore, these lines are only close approxi- 
mations of where the disclination lines actually exist. If we had an infi- 
nitely fine grid the computer could actually trace the center of the dis- 
clination line for this particular symmetry through the unit cell. 
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